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A parameter free, model independent analysis of quark mass matrices is carried
out. We nd a representation in terms of a diagonal mass matrix for the down
(up) quarks and a suitable matrix for the up (down) quarks, such that the mass
parameters only depend on the u; c; t (d; s; b) quark masses and on the Cabibbo-
Kobayashi-Maskawa matrix elements. The results found may also be applied to the
Dirac mass matrices of the leptons.
PACS numbers: 12.15.Ff, 12.15.Hh, 14.60.P
Many attempts have been made to connect the quark mixing matrix with the quark
mass matrices introducing extra symmetries (or Ansa¨tze) to cast the mass matrices in
some particular form [1]. Branco, Lavoura and Mota [2] have been able to show that for
three families the Nearest-Neighbor Interactions (NNI) form of mass matrices corresponds
to a choice of basis. Indeed, within the Standard Model [3], the NNI form can be obtained
by applying a particular transformation to the fermionic elds without observable conse-
quences. Relying on their result, in ref. [4, 5, 6] the problem of nding mass matrices for
the fermions, as a function of physical parameters only, has been addressed. Due to the
NNI form they get very complicated relationships between mass matrices parameters and
the Cabibbo-Kobayashi-Maskawa matrix, K [7]. In particular, Harayama and Okamura
[4] obtained formulae in which two arbitrary phases (that is to say not determined by
physical parameters) still remain. Koide [5] showed that the two phases can be elimi-
nated by a change of phases of matrix elements. Finally Takasugi [6] investigated the
connections between NNI basis and the USY (Universal Strength for Yukawa couplings)
form of Yukawa coupling [8], leaving for future works the problem of expressing quark
mass matrices in terms of physical parameters.
In this paper we concentrate on this last problem. Using a particular basis for quark
(lepton) elds we nd a representation of mass matrices in which there are exactly ten
free parameters, nine moduli and one phase. In this basis it is possible to obtain relatively
easy expressions for the Cabibbo-Kobayashi-Maskawa matrix elements and, more inter-
estingly, it is possible to invert these relations linking the mass matrices with the physical
parameters. We quote exact and approximate formulae. We analyze the quark-phase
conventions and determine the expression for the observable phase appearing in the mass
matrices. We conclude with brief nal remarks.
In what follows we concentrate on the mass and the weak-charged-current terms of
the Standard Model Lagrangian [3]. We write them as follows:








+d0L + h:c: (1)
(summation over family indices is intended).
It is possible to perform, with no physical consequences [2], the following transforma-
tions on the quark elds (a similar argument applies to leptons):8<: u0L = Uu0Lu0R = Vuu0R
8<: d0L = UdLd0R = VddR ; (2)
where the only constraint on the matrices U; Vu; Vd is that they must be unitary. We
choose U , Vd and Vu so to have
L = u0LM^uu
0
R + dLMddR + gu
0
L 6W
+dL + h:c:; (3)
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with








1CCA = U y ~MuVu: (5)
The mij are complex numbers, mij = Nij exp (irij), with N = mt +mc +mu a suitable
normalization constant.
The two matrices U and Vd are determined by solving the two eigenvalue problems


















while Vu is chosen in such a way to get the three zeroes in eq. (5) (we use the following
notation: Ai: is the i-th row and A:i is the i-th column of a matrix A):
(Vu):1 / (U











where the multiplicative constants are determined requiring the (Vu):i to be norm-one
vectors.
In this way M^u contains twelve real parameters, six moduli and six phases. Depending
on the arbitrariness of the dierences between quark phases we have the possibility to
remove ve of them remaining with one phase and six moduli, which must be compared
with the seven physical parameters given by the up quark masses and Cabibbo-Kobayashi-
Maskawa angles and phase.
Obviously, dierent choices of phases correspond to dierent representations of K so,
to compare our result with the various parametrizations of K, the phases must be chosen
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− iA24 2A(1 + i2)
3A(1− − i) −2A 1
1CCA ;
3
by means of the three phases r12; r13; r23. Starting from these ones, by redening the left
























we can rotate out all the phases except for the combination  = r12 − r13. After these
transformations, all the mij become real but m12 = N12e
i. Thus  is the only combi-
nation of phases that has physical relevance. This can be seen calculating, for example,













= s21s2s3c1c2c3 sin  ’ 
6A2 (10)
(no summation on repeated indices is intended and ; ; γ; (; ; ) cyclic), where the
two last terms refer to the representations of K given in eq. (8). The expression of J
found within our representation is given (after having calculated K) in eq. (16).
With another change of basis, 8<: u0L = SLuLu0R = SRuR ; (11)
we obtain
L = uLMuuR + dLMddR + guL 6W
+SyLdL + h:c:; (12)
where SL and SR are chosen to diagonalize M^u,
Mu  diag(mu;mc;mt) = S
y
LM^uSR: (13)
Consequently K is given byKij = (S
y
L)ij where SL is the unitary matrix which diagonalizes
the product M^uM^
y
u. We nd for the eigenvectors of M^uM^
y
u the following expression:
ui = (i; i; γi) =
q
jij2 + jij2 + jγij2; (14)



















































so that Kij = (u








(juj2 + juj2 + jγuj2)(jcj2 + jcj2 + jγcj2)
1213
2
233233 sin : (16)
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In the basis given by eq. (2) it is very easy to obtain the mass matrix M^u as a function








t )K  N
2(aij + ibij) (17)





















a11 a12 + ib12 a13 + ib13
a12 − ib12 a22 a23 + ib23
a13 − ib13 a23 − ib23 a33
1CCA : (18)
Given a particular representation of K these are the most general equations relating mass
matrix and physical parameters. Depending on the phase choice one can reduce the three
imaginary equations in (18) to just one, but we keep all of them to allow any arbitrary




23 − a12b23 − a23b12
a13
2























vuuta22 − l2ul2c l2t











23 − a12a23 + b12b23) 32 = sign()
vuuta33 − a223 + b223
223
:
Similar formulae hold for the lepton Dirac masses if the exchanges (d; s; b)! (e; ; ) and
(u; c; t)! (e; ;  ) are performed.
For the sake of utility we quote here the expressions for the 2ij, obtained when the
Wolfenstein parametrization for K [10] is used. These expressions are approximated up
to the fth order in  and neglecting l2u (l
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exact 3:59  10−7 8:20  10−5 1:54  10−8 1:71  10−3 2:84  10−2 0:957 2:9  10−5













































In table 1 are reported both the exact and approximate values, obtained using the
central values of the measured ranges of K and the following quark masses: mt =
180 GeV; mc = 1:3 GeV;mu = 0:005 GeV [12]. We quote also the values of the ele-
ments of the down quark matrix when Mu = diag(mu;mc;mt) and (M^d)ij = N
0ije
isij
(N 0 = md +ms+mb; md = 0:01 GeV; ms = 0:2 GeV; mb = 4:3 GeV ). We did not report
the results for the ij ’s when the approximate formulae (20) are used since the weaker
hierarchy between down quark masses makes it necessary a higher order approximation.







In conclusion, we exhibit a representation for the fermion mass matrices where the
expression of the Cabibbo-Kobayashi-Maskawa matrix is relatively easy. We solve the
problem of inverting the relationship between the mass matrices and physical parameters.
The manageable formulae we nd can be useful in investigating the various hypotheses
formulated on this sector of the Standard Model.
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